An approximate semianalytic theory is developed to describe the homogeneous nucleation of droplets from a supersaturated vapor, beginning with a partition function and including rigorously the translation and surface tension contributions. The liquid and vapor phases are treated as uniform ͑step density profile͒ and may be described by any accurate equation of state. It is shown that the classical approximation for the free energy of droplet formation may be derived from the present theory by making additional approximations ͑ideal gas, incompressible liquid͒, and the two are compared for the case where the vapor phase forms a reservoir ͑constant supersaturation͒. In the case of a finite-sized vapor phase, where the supersaturation decreases as the droplet grows, a free energy minimum exists beyond the critical radius, and this stable droplet equilibrium is examined in detail. Comparison with computer simulations proves the quantitative accuracy of the present theory for a Lennard-Jones system. Also derived is a new, formally exact expression for the surface tension that is useful for computer simulations.
I. INTRODUCTION
If the pressure of a vapor phase, at some constant temperature, is increased beyond the liquid-vapor coexistence value it has achieved a state of supersaturation. Upon reaching this supersaturated state the spontaneous nucleation of liquid droplets does not occur, as might be expected. Instead, there exists a barrier to this droplet nucleation arising naturally from the formation of the interface between the two phases. If an embryonic droplet can grow beyond some critical radius, through random processes within the system such as collisions, it can overcome this barrier and sustain spontaneous growth. However, if the energy barrier to spontaneous growth is large and the droplet cannot achieve critical size, it remains unstable and will in all likelihood evaporate. As a result of this energy barrier, the system can exist in a metastable state with unfavorably high supersaturation levels being maintained in the gas phase.
Homogeneous nucleation theory has a long and interesting history, beginning with the development of the classical theory by Becker and Döring. 1 This expresses the change in the Helmholtz free energy due to the nucleation of a droplet as a function dependent on the supersaturation ratio of the vapor, and the radius of the droplet. This change in energy has a positive contribution from the surface free energy and a negative contribution from the change in bulk free energy due to the droplet formation. 2 The classical formula provides a simple method of estimating the size of the energy barrier to nucleation and the critical cluster size. A serious rival to the classical theory is that presented by Lothe and Pound, 3, 4 who dispense with many of the assumptions made by Becker and Döring and who, in addition, argue that the translational and rotational energies of the droplet as it moves through the system are significant contributions to the estimation of the energy of formation.
Efforts have been made to test the validity of the above theories using computer simulations. 4 -6 A fundamental question is posed, however, as an arbitrary assumption must be made as to how best define a cluster. This is a significant problem, and much work has been done in this area, 7, 8 although it will not be discussed here. Various aspects of droplet formation have been studied utilizing density functional analysis 9, 10 and mean-field theory.
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One of the most significant assumptions made in the classical theory is that the supersaturation of the gas phase remains constant during droplet growth. This implies an infinite gas phase acting as a reservoir to the nucleating droplets. The result of this assumption is that once a droplet achieves critical size catastrophic growth will occur; i.e., the drop will grow to an infinite size. This is clearly an unphysical result as the droplets must therefore deplete the gas phase, contradicting the original assumption. It also fails to explain droplets apparently existing in equilibrium with a vapor phase as seen in nature in clouds or fogs. Pippard 12 states that an enclosed system ͑i.e., nonreservoir͒ has a minimum in the free energy, which implies that a droplet can exist in stable equilibrium with its surrounding vapor. This stability of droplets in a closed system has been investigated analytically [13] [14] [15] [16] and with mean-field theory. 11 In Sec. II the partition function and subsequent free energy for a droplet of arbitrary size are given. In Sec. III the focus is on the gas reservoir case and classical nucleation theory is derived from, and compared with, the more exact expression given here. Section IV is concerned with a gas phase of finite size and explores in detail the droplet, which is stable in this case, and tests the theory against computer simulations. In the Appendix the surface tension is expressed formally and exactly as a ratio of system averages.
II. CONSTRAINED FREE ENERGY OF DROPLET FORMATION

A. Single interface
A rigorous treatment of droplet formation proceeds from the partition function of the system. In this section it is shown that the surface tension may be written in terms of various partition functions for a single interface, which result will be used in the treatment of multiple droplets in the next section.
Consider two coexisting phases 1 and 2, occupying volumes V 1 ϩV 2 ϭV and with particle numbers N 1 ϩN 2 ϭN. The total densities are 1 ϭN 1 /V 1 and 2 ϭN 2 /V 2 . Suppose that the volumes are large enough so that far from the interface the density equals the bulk coexistence value, 1 † and 2 † . ͑The subsequent analysis holds even if the phase is not large enough for the density profile to reach its asymptote since these bulk densities are defined by the chemical potential of the system.͒ If the phases were uniformly bulk right up to the interface, the number of particles would be
The interfacial free energy, which is proportional to the area A and is independent of the volume, is the total free energy less the two bulk contributions,
where f is the bulk Helmholtz free energy density. One can define the adsorption excesses of the two phases to be ⌬ 1 ϭN 1 ϪN 1 † and ⌬ 2 ϭN 2 ϪN 2 † . Since the excess is much less than the number of particles in the phase, one can perform a Taylor expansion of the bulk terms to rewrite them as
where the superscript ''B'' denotes the bulk free energy. At coexistence, the chemical potentials of the two phases are equal, 1 † ϭ 2 † . Hence, if the interface between the two phases is placed at the Gibbs equimolar dividing surface, so that
the excess contributions cancel and Eq. ͑1͒ may be rewritten
Rearranging this and exponentiating both sides, one can write the partition function of the interacting phases in terms of the product of the bulk partition function and the surface tension,
Here ␤ϭ1/k B T is the inverse temperature and ⌳ is the de Broglie thermal wavelength. Note that the bulk boundaries on these integrals represent many-body effective potentials that ensure that they reproduce correctly all bulk properties. This result shows how to factorize the coupled integrals, and it is used next for the droplet nucleation problem. In the Appendix, it is used to obtain a formally exact representation of the surface tension in terms of averages over virtual interfaces that may be obtained by computer simulations.
B. Droplets
Consider a supersaturated vapor consisting of N atoms in a volume V at a temperature T and assume that it contains M identical liquid droplets, each of radius R and with n l atoms, so that there are n g atoms per droplet in the gas phase. Hence NϭM (n l ϩn g )ϭN l ϩN g . The equimolar volume of a droplet is v l ϭ4R 3 /3, and the total volume of the gas phase is V g ϭVϪM v l ϭM v g . The partition function for this constrained system is
͑8͒
where u l is the total intermolecular potential between atoms in the same droplet, u g is the total potential between atoms in the gas phase, u lg is the total potential between an atom in the gas phase and an atom in a liquid droplet, and the prefactor M ! arises from the indistinguishability of the droplets. The prime denotes that the integral is constrained; that is, only configurations with M droplets of radius R containing n l atoms are included; s i ϵr i Ϫr 1 . The constraint implicitly manifests the rules that define such an n l cluster. The final equality represents the constrained partition function as the product of bulk partition functions and the surface free energy, the factorization of which occurs upon replacement of u lg by ␥AM , as discussed in Sec. II A and in the Appendix. In this expression, the surface tension is taken to be equal to its value for a coexisting planar liquid-vapor interface. This ignores curvature corrections, the approximation of which is expected to be quite accurate for physically relevant droplets. 17 It also ignores the fact that the surface tension decreases as the supersaturation increases and that it vanishes at the spinodal. 9 This latter approximation may prove limiting.
The first bracketed term is the partition function of a droplet that may be represented as a bulk liquid phase of volume v l moving through the volume V g :
In the final equality, the numerator V g ϭVϪM v l has been replaced by V because the volume occupied by the liquid phase is negligible compared to the total volume. Note how the prefactor V/v l appears here when the range of integration of r 1 is changed from V to v l . This term represents the translation of the droplet through the volume, and the factor of v l that occurs provides the length scale that is either missing or else arbitrary in other treatments of the problem ͑cf. the discussion by Reiss et al.
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͒. The vapor part of the constrained partition function is simply
With these results, the constrained partition function may be written
͑11͒
Boltzmann's constant times the logarithm of the constrained partition function is the total entropy of the constrained system and thermal reservoir. 18, 19 The constraints are the number of droplets, their volume, and the number of atoms that they contain, and equilibrium values of these are the ones that maximize the entropy. Equivalently, the constrained thermodynamic potential is the negative of the logarithm of the constrained total entropy, and it is minimized at equilibrium. In the present case it is given by
where f (,T) is the Helmholtz free energy density of a bulk phase of density , and v g ϭV g /M . This may be obtained from any accurate equation of state. For the Lennard-Jones fluid treated below, the parametrized formula of Nicolas et al. 21 is suitable. The first two terms in the equation arise from the translational motion of the droplet through the system and the entropy of mixing of the droplets. While this result has been obtained in the monodisperse limit, it is clear that the M identical liquid free energies can be replaced by ͚ i v il f ( il ,T) and that M A can be replaced by ͚ i A i ; the constraint is then the set of R i . The main approximation in this formula lies in the use of the planar, coexistence value of the surface tension.
Note that the so-called replacement free energy does not appear in this rigorous partition function derivation. This often controversial term is invoked as a correction for various departures of a droplet from a bulk system ͑e.g., loss of rotational and translational degrees of freedom, change in the number of surface atoms per unit area with size, etc.͒ and many proposals for it exist in the literature. 22 In all cases, however, the replacement free energy grows more slowly than the square of the droplet radius, and hence it can be considered as a curvature correction to the surface tension, and these are not included in the present approach. The justification for this is the fact that curvature corrections have been shown to be negeligible in a Lennard-Jones fluid 17 and the fact that the present theory agrees with simulation data ͑see Sec. IV͒.
III. GAS RESERVOIR
A. Present formalism
In the case where the gas phase is infinite and acts as a reservoir for nucleating droplets, the chemical potential g and the pressure p g of the vapor phase remain constant as atoms are acquired by the growing droplet. In this case, N ӷM n l and VӷM v l . Using a Taylor expansion and the facts that the chemical potential and the pressure are the number and volume derivatives of the Helmholtz free energy, the gas contribution in Eq. ͑12͒ becomes
͑13͒ Ignoring the constant first term, the constrained total free energy per droplet, Eq. ͑12͒, becomes, in the case of a gas reservoir,
Here the translational contribution has been left out because in many cases of practical interest it has negligible effect. In these cases it is small and slowly varying ͑it depends logarithmically on particle size͒. However, it is important to have derived the translation term in the formal analysis so that one can be certain of its magnitude and of its influence.
B. Classical nucleation theory
The relationship of the present formal analysis and classical nucleation theory expression is now shown. To a good approximation the liquid is incompressible, and so the equilibrium number of atoms in a droplet of a given size should be given by n l ϭ l † v l , where l † ϭ l (T) is the coexistence liquid density. This determines the number of atoms in the liquid droplet for a given volume. The volume-constrained Helmholtz free energy per droplet becomes
which uses the fact that the bracketed term is the grand potential of the liquid phase, which is just the pressure inside the drop times the volume.
For an incompressible liquid, the chemical potential difference between two states equals the pressure-volume work required to move a molecule between them, ⌬ϭ⌬p/ l † . Hence the pressure inside the droplet is
where the supersaturation ratio is Sϭp g /p † . The final equality assumes ideal behavior of the gas. Using this the constrained free energy per droplet becomes
assuming the first term is negligible, which it is in practice. This is the classical result. 2 The five additional approximations that are required to derive it from the more fundamental result Eq. ͑12͒ are, ͑1͒ the gas is a reservoir ͑i.e., NӷM n l and VӷM v l ), ͑2͒ the liquid is incompressible, ͑3͒ the gas is ideal, ͑4͒ the ͓ p g Ϫp † ͔v l term is negligible, and ͑5͒ the translation term is negligible.
The critical radius is the size at which the constrained free energy of the droplet is an extremum, in this case a maximum. At this point the derivative of Eq. ͑17͒ with respect to droplet radius is equal to zero, which gives
The value of the constrained free energy per droplet at the critical radius is the energy barrier to spontaneous nucleation:
␥. ͑19͒
C. Results for a gas reservoir
In Figs. 1 and 2 the constrained free energy calculated from Eq. ͑14͒, utilizing the equation of state, 21 is plotted as a function of drop size for several values of supersaturation at the temperatures T*ϭ0.70 and 0.90. ͑The asterisk denotes dimensionless units, T*ϭk B T/⑀, where ⑀ is the depth of the Lennard-Jones potential well. Similarly, lengths are given in terms of , the Lennard-Jones diameter.͒ For comparison, results derived from the classical Eq. ͑17͒ are also included. The value of the surface tension of a droplet was taken as the coexistence value at that particular temperature. 17 The planar value was used as previous work has shown that the curvature corrections are negligible at radii greater than several molecular diameters. 17 The constrained free energy can be seen to reach its maximum value at R critical and then diverge to negative infinity as the droplet radius increases. There is no metastable droplet-i.e., no local minimum-in this reservoir model for either theory. At the smallest supersaturation, closest to Sϭ1, the sizes of critical radius and the energy barrier are significantly larger than at higher values of S.
It is clear from Figs. 1 and 2 that as the supersaturation ratio increases, the critical radius increases and the energy barrier to droplet formation decreases. At lower temperatures the classical theory provides an excellent estimate of the critical radius. However, as the temperature increases the predictions of the classical expression increasingly underestimate R critical . At all temperatures the classical theory underestimates the size of the barrier to nucleation, and the error is quite significant at low temperatures.
The translation contribution to the free energy of droplet formation was also investigated. The problem of the divergence of the logarithm for vanishing droplet volume was avoided by choosing the zero of free energy to occur at the radius corresponding to one atom in the droplet, l v l ϭ1. It was found that the curves for different M /V were indistinguishable from each other and virtually indistinguishable from the result that neglects the translational contribution. In particular, the value of the critical radius was unchanged by including the translational contribution.
IV. FINITE GAS PHASE
A. Exact results
In this section the focus of the paper turns to a system with a fixed number of atoms, N, that is not so large relative to M n l . In this case the acquisition of atoms from the gas phase by a droplet will change the properties of the gas, such as chemical potential, pressure, and density. Unlike the pre- vious system containing droplets in a gas reservoir, a state of equilibrium can be reached by minimizing the constrained free energy, Eq. ͑12͒, with respect to M, n l , and R.
Here it is assumed that only one drop ever nucleates in the system, M ϭ1. The constrained free energy has been graphed as a function of droplet radius for a cubic system of length, L*ϭ10.72, containing Nϭ200 atoms at temperatures, T*ϭ0.70, 0.80, and 1.00. The surface tension was taken to be the planar value for each respective temperature. 17 For each value of R the number of atoms in the liquid droplet was optimized with respect to the free energy. It must be noted that n l was not restricted to integral values as at times very small systems were studied in which the removal of a single atom from the gas phase could alter the properties of the vapor significantly.
In Fig. 3 the constrained free energy can be seen to increase with increasing droplet size until reaching a local maximum of F barrier at the critical radius, R critical . Unlike the case of the gas reservoir, if the droplet can grow beyond its critical radius, the constrained free energy can reach a local minimum, a state where both R and n l have been optimized. These are the equilibrium values. At this radius F may reach a deep minimum value, implying that, provided the energy barrier can be overcome by random fluctuations in the size of an embryonic cluster, a stable droplet of size R equilibrium could form in the system. The physical origin of the minimum is that the chemical potential of the gas phase decreases as it is further depleted of atoms, so that there is a driving force for atoms to evaporate from the droplet for RϾR equilibrium .
At the lowest temperature the activation energy is the highest but the equilibrium value of the constrained free energy is by far the lowest. At this temperature it is most difficult to overcome the barrier to spontaneous nucleation, but once the critical radius has been achieved, the resulting droplet would be very stable. At T*ϭ0.80 the activation energy can be seen to decrease but in turn the equilibrium value of F is not as deep as that of the lowest temperature. This implies that while the path to droplet nucleation is easier in this case, the resulting droplet will be less stable. The plot at the highest temperature T*ϭ1.00 is of particular interest. While the activation energy is the lowest in this case, the equilibrium value of the constrained free energy is a very shallow minimum and greater than the energy where no droplet has formed. Hence droplets in this case are metastable. Of the three temperatures, a droplet could most easily form at T* ϭ1.00 but it would be most unstable and would most probably evaporate. Also at this temperature the minimum is wide, implying that the size of any eventuating droplet would fluctuate significantly.
It is conventional to discuss results in terms of supersaturation, as in the previous section. However, in this system the properties of the gas phase, including pressure and chemical potential, change with the growth of the nucleating droplet. In the work presented here the system is characterized by the final supersaturation S final , which is calculated using the value of the vapor pressure when the droplet finally attains equilibrium.
The size of each system was systematically increased while keeping the total density total ϭN/V fixed to produce different S final . The supersaturation ratio was found to decrease with increasing system size, approaching unity for large system sizes. Since the size of the equilibrium droplet also increases with system size, this is consistent with the Laplace-Young equation.
In Fig. 4 , the critical and equilibrium radii have been plotted against the final supersaturation at three different total densities using the nonreservoir exact theory, Eq. ͑12͒. The equilibrium radius is of course greater than the critical radius. It can be seen that the radii increase with decreasing final supersaturation, as predicted by the Laplace-Young equation. What is also important to note is that the initial value of the vapor density, which is the fixed total density, does not affect the subsequent measurement of system parameters as they relate to the final supersaturation. Figure 5 shows the energy barrier to droplet formation and the equilibrium energy, again as a function of S final for three different total densities. The depth of the local minimum in the free energy, which is the equilibrium energy, is greatest at small supersaturations, where F barrier is greatest, implying the greatest stability if a droplet is able to overcome the barrier to nucleation. However, as S final is increased 
FIG. 4.
Critical radius ͑open symbols͒ and equilibrium radius ͑solid symbols͒ as a function of final supersaturation S final for T*ϭ0.70. Results were generated from systems of increasing size at a constant total density total ϭN/V. The circles are total ϭ0.057 Ϫ3 , the squares are total ϭ0.114 Ϫ3 , and the triangles are total ϭ0.170 Ϫ3 .
the equilibrium energy quickly increases and becomes positive, which implies that the ''equilibrium'' droplet is metastable with respect to no droplet in this case. Like Fig. 4 , the system size or overall density is unimportant, and it is the final supersaturation that determines the equilibrium energy. One concludes that the state of the droplet is determined by the state of the gas in its immediate vicinity and not by the system as a whole.
B. Approximate results for the finite gas phase
As for the classical homogeneous nucleation theory, it is possible to derive an approximate formula for the constrained free energy of droplet formation for a finite gas phase assuming an incompressible liquid and an ideal gas. One simply replaces the Taylor expansion of the ideal gas Helmholtz free energy by the exact expression. Hence the first equality in Eq. ͑17͒ becomes
where This approximate formula for the nonreservoir system is tested in Fig. 6 in comparison to results generated by the equation of state using Eq. ͑12͒. Two different values of the coexistence densities of the liquid and vapor phases were used. [23] [24] [25] While the general shapes of the curves are consistent with the equation of state calculations, it can be seen that they are also extremely sensitive to the choice of coexistence densities. This strong dependence of Eq. ͑20͒ on the coexistence values and the uncertainty in the latter limit the usefulness of this approximation.
C. Comparisons with computer simulations
There have been many reported computer simulations of liquid drops. 26 -30 Besides nucleation theory, computer simulations of droplets are used to study such other features as density and pressure profiles through the droplet and interfacial properties between the gas and liquid phases, including the curvature-dependent surface tension and Tolman length.
The computer time required increases rapidly with system size, which is the limiting factor for simulations of large droplets and large vapor phases. The nonreservoir gas phase system, utilizing Eq. ͑12͒ and an equation of state, may be expected to represent accurately aspects of the finite-sized systems described by computer simulations, such as size, average density, and average pressure. El Bardouni et al. 26 studied properties of a single liquid drop surrounded by a vapor phase. Molecular dynamics simulations of particles interacting via a truncated Lennard-Jones potential were utilized. In the present section results have been generated using the same N, V, and T parameters used by El Bardouni et al. 26 The surface tension that is used here is the curvature-dependent one that they estimated from their simulations.
In Fig. 7 the free energy given by the classical theory, Eq. ͑17͒, has been plotted as a function of droplet radius for both initial and final supersaturations. The latter were calculated from the reported computer simulation 26 values of the vapor densities before and after droplet formation. Also shown is the nonreservoir result, Eq. ͑12͒, using the N, V, and T of the simulations and the equation of state of Nicolas et al. 21 An arrow indicates the final radius of the computersimulated droplet at this temperature. Excellent agreement can be seen between the equilibrium value given by Eq. ͑12͒ and the computer-simulated value of the radius. The classical theory can never predict a local equilibrium and thus can not be used to estimate the size of a stable droplet.
A comparison between the results generated by the computer simulations 26 for the drop radius, measured as the equimolar dividing surface, as a function of temperature, and results obtained using the constrained free energy numerical technique, Eq. ͑12͒, are presented in Fig. 8 quantitative agreement between the two methods, which is encouraging, particularly when considering the simplicity of the numerical technique. Qualitatively, however, radii measured by the computer simulations show a slight decrease with temperature ͑see inset͒, while the results from the numerical technique are increasing.
The density of the droplet was also measured and is shown in Fig. 9 . There is excellent qualitative agreement between the two techniques. However, the density measured by the computer simulations is systematically less than the present results. The pressure is shown in the same figure, and it can be seen that there is also good qualitative agreement for the pressures within the drop, which decreases with increasing temperature.
D. System containing multiple droplets
In the work presented above, it was assumed that if multiple droplets were to nucleate in the same system, they would be identical to one another. Therefore, all of the above results were for a system containing a single droplet, and it was the free energy per droplet that was of interest. In this section, the nucleation of two droplets in a finite-sized system is examined. In the present case Eq. ͑12͒ is replaced by
͑21͒
where n g ϭNϪn 1l Ϫn 2l and v g ϭVϪv 1l Ϫv 2l . The size of each droplet and the number of atoms each contain can be varied independently with this equation.
The constrained Helmholtz free energy for a finite-sized system of N atoms in a volume V at a fixed temperature T containing a single droplet was shown in Fig. 3 . The same system but for two droplets is shown as a surface plot in Fig.  10 as a function of the radii. If one of the two droplets remains small while the other grows ͑i.e., the cross section along an axis͒, the behavior of the constrained Helmholtz free energy is similar to that of a single droplet growing in a 10 . Surface plot of the total constrained Helmholtz free energy of a finite-sized system, Eq. ͑12͒, is presented as a function of droplet radii, for a system containing two dissimilar droplets. Note that when both droplets have large radii the calculations are not reliable because there are so few atoms in the system that the droplets in this case have to have vaporlike densities.
nonreservoir system, as shown in Fig. 3 . It reaches a maximum at some critical radius and decreases to an equilibrium state at one of two global minima at a large radius. The depth of these minima is large in comparison to the height of the maximum, making F barrier hard to see.
In the case where both droplets grow at a similar rate a maximum in the energy of the system is again reached. As the droplets continue to grow a metastable state is reached. The droplets reach a saddle point at R 1 ϭR 2 Ϸ3. This saddle point is rather flat in the unstable direction. However, the depth of this saddle point along the R 1 ϭR 2 line is significantly more shallow than that of the global minimum, where R 1 ϭ0, R 2 Ϸ3.75 or R 1 Ϸ3.75, R 2 ϭ0. There is no energy barrier between the local minimum on the main diagonal and these global minima on each abscissa. It is therefore energetically more favorable for one large droplet to grow by cannibalizing atoms from the other droplet, rather than to retain two similar medium-sized droplets in the system. This process is known as Ostwald ripening.
V. DISCUSSION AND CONCLUSION
The process of homogeneous droplet nucleation has here been investigated for infinite-and finite-sized systems using a constrained free energy approach that invokes uniform density profiles and an infinitely sharp interface. By making further approximations ͑ideal gas, incompressible liquid, negligible translation͒, the classical nucleation theory of Becker and Döring 1 was derived. The present theory was numerically evaluated using an accurate parameterization of the Lennard-Jones equation of state, 21 and results were given for the constrained Helmholtz free energy, the energy barrier to spontaneous nucleation, and the critical radius. Contrary to the predictions of Lothe and Pound, 3 it was found that the translational contribution to the energy of formation had a negligible effect on the estimation of the critical radius and on the magnitude of the activation energy.
For the case of an infinite gas reservoir, the present results closely resemble those of the classical theory.
1,2 Oxtoby and Evans, 9 however, argue that there is a fundamental weakness in the classical theory in that the barrier to nucleation should vanish as the spinodal is approached, which criticism also applies to the present work. In the present estimation of the constrained Helmholtz free energy, a step density profile across the interface of the droplet has been assumed in addition to the assumption that the droplet retains the planar coexistence value of the surface tension under all conditions. This does not account for interfacial broadening and the fact that the surface tension tends to zero as the spinodal is approached. However, the present approach remains quantitatively valid at smaller values of supersaturation, as shown by its agreement with computer simulations of stable droplets.
The classical formula or any other theory based upon a gas, reservoir (p v constant irrespective of droplet growth͒, can never predict a stable droplet of any size. Droplet stability can only be investigated in terms of a closed finite-sized system in which the accumulation of atoms by the droplet depletes the vapor phase and reduces the pressure and density. In previous works Yang 13, 14 and Schmelzer and Ulbricht 15, 16 found stable equilibria in the nonreservoir problem. Lee et al. 11 built upon Yang's work by implementing a mean-field theory to estimate the size at which a droplet will attain a stable radius for various systems and compared these results to those obtained through molecular dynamics computer simulations. 28 The present work has developed an efficient numerical algorithm utilizing an accurate equation of state. 21 It does not rely on the mean-field theory approximation and tests against the results of computer simulations show it to be accurate. This technique offers a simple alternative to density functional theory. However, the approximations of a step density profile across the interfacial region and use of the planar coexistence value of the surface tension for droplets of all sizes may limit the accuracy of the results. Figure 10 presents the results of investigations into the properties of systems containing multiple droplets. These results suggest that it is at all times more favorable to have one large drop in a system rather than many smaller droplets. Significantly, the present results find that there is a local extremum in the constrained thermodynamic potential for multiple droplets. However, this extremum is a saddle point and there is no barrier between this state and the stable minimum. The latter is characterized by a single large droplet remaining in the system, and the mechanism of growth from the metastable state of multiple small droplets is Ostwald ripening. The cannibalization process is limited by the rate of diffusion of gas through the system and by the rate of droplet collision. In this regard Figs. 4 and 5 are interesting in that they show that the properties of the equilibrium droplet are independent of the system size and they are determined only by the local supersaturation ratio. In contrast to classical nucleation theory, one concludes from this that it is the consequent equilibrium radius, not the critical radius, that is the relevant measure of the size of the droplet. These results have implications for the kinetics of homogeneous nucleation.
APPENDIX: SURFACE FREE ENERGY
The purpose of this appendix is to extend the analysis of Sec. II to give formally exact expressions for the surface tension that are amenable to computer simulation. The results obtained here are conceptually and qualitatively different to the Kirkwood-Buff expression for the surface tension of planar interfaces, and they appear to be the first formally exact expressions ever given for interfaces of arbitrary curvature ͑as distinct from certain expressions that are exact only to leading order in curvature͒.
Consider a volume V 1 and its complement V 2 , such that the total volume is V 1 ϩV 2 . The densities of the two phases of interest are l and g , which gives the number of atoms in each volume-for example, N 1l ϭ l V 1 and N 2g ϭ g V 2 . The area of the interface over which they interact is A, and it is the surface tension or interfacial free energy per unit area that is sought-for example, ␥ 1l 2g . The analysis will invoke two types of interfacial boundaries: a transparent boundary denoted by ''B'' ͑for bulk͒, which allows interactions across it, and an opaque hard wall denoted by 0, which precludes interactions.
As shown in Sec. II, the interfacial free energy is the difference between the constrained total thermodynamic potential and the bulk free energies, defined as
Note that in the case of a droplet, strictly speaking, the superscript here signifies the supersaturated bulk state, 1l ‡ ϭ 2g ‡ , p 1l ‡ Ͼp 2g ‡ , and vice versa for a bubble. The second equality shows that this pedantry is immaterial when the equimolar dividing surface is used. ͑Note that for a multicomponent system the formalism can still be used by defining equimolar dividing surfaces that are noncoincident.͒ In view of the fact that the thermodynamic potential is the logarithm of the partition function, 19 the exponential of this may be written
͑A2͒
This equation is graphically illustrated in the first line of Fig.  11 . The average that appears is of the interaction between the two systems carried out over the configurations of the noninteracting systems. That is, it is a ghost interface. Conversely a real interface may be used and it may alternatively be written where on the right-hand side the average is carried out over the fully coupled system. For the case of a planar interface and V 1 ϭV 2 , the square of the first ratio of partition functions that appears may be written as a similar average ͑cf. the second line of 
͑A4͒
Accordingly the free energy of a planar interface may be written in terms of averages over uncoupled systems ͑virtual interface͒, or as some other combination of these. These formulas are suitable for evaluation by computer simulation. One expects that these expressions will be dominated by the liquid-liquid term. The results are entirely analogous to Widom's expression for the chemical potential. And as in that case, partial coupling techniques can be used to improve the computational efficiency of the method. 31 Note that the densities that appear in the above do not have to be the coexisting densities. For example, these expressions can be used to obtain the surface tension as a function of supersaturation.
The above formula for the ratio of partition functions only holds for a planar interface. For the case that the volume V 1 is convex ͑e.g., a sphere of radius R), one can have a droplet N 1l and N 2g with interfacial tension ␥ 1l 2g (R) or a bubble N 1g , N 2l , and ␥ 1g 2l (R). Equation ͑A4͒ has to be replaced by with an analogous expression holding for a real interface. This expression defines the surface tensions with respect to the equimolar interface R. Alternatively, it ought to be able to evaluate the surface tension of a droplet directly. Of the partition functions that FIG. 11 . Pictorial representation of the the surface free energy expressed as a ratio of averages. The system is delineated by walls that are either opaque ͑solid lines͒ or transparent ͑dashed lines͒ to interactions. remain in Eq. ͑A2͒, the ones in the denominator refer to a subsystem of a bulk system and they can be evaluated exactly from an equation of state, Z .
͑A11͒
The surface tension of a bubble may be obtained analogously.
